Let G be a group and ω(G) be the set of element orders of G. Let k ∈ ω(G) and s k be the number of elements of order k in G. Let nse(G) = {s k k ∈ ω(G)}. The groups A 5 , A 6 , A 7 and A 8 are unique determined by nse(G). But if π(A n ) > 4, then can the alternating A n be characterized by nse only? In this paper, we give an example which is a simple K 5 -group, can be characterized by nse. Namely, we prove that if G is a group, then G ∼ = A 11 if and only if nse(G)=nse(A 11 ).
Introduction
In 1987, J. G. Thompson posed a very interesting problem related to algebraic number fields as follows (see [20] ).
Thompson's Problem. Let T (G) = {(n, s n ) n ∈ ω(G) and s n ∈nse(G)}, where s n is the number of elements with order n. Suppose that T (G) = T (H). If G is a finite solvable group, is it true that H is also necessarily solvable?
It is easy to see that if G and H are of the same order type, then nse(G) = nse(H), |G| = |H|. Theorem 1.1 [18, 16, 10, 3] Let G be a group and H be a simple K i -group, A 12 or A 13 . Then |G| = |H| and nse (G) 
=nse(H) if and only if G ∼ = H.
Not all groups can be determined by nse(G) and |G|. Let A, B be two finite groups, G := A B means the semidirect of A, B and A ¡ G. For example.
In 1987, J. G. Thompson gave an example as followings. Let Comparing the sizes of elements of same order but disregarding the actual orders of elements in T (G) of the Thompson's Problem, in other words, it remains only nse(G), whether can it characterize finite simple groups? Theorem 1.2 [6, 19, 22, 12, 7, 8, 11, 9] Let G be a group and H be Some projective special linear groups, U 3 (5), U 3 (7) or L 5 (2) 
. Then nse(G)=nse(H) if and only if G ∼ = H.
A finite group G is called a simple K n -group, if G is a simple group with |π(G)| = n. Recently some groups with that |π(G)| = 3, 4 are characterized by nse only, but there is no new group with that |π(G)| = 5 which is characterized by nse. So in this paper, it is shown that the groups A 11 also can be characterized by nse only (A 11 is a simple K 5 -group).
We introduce some notations. Let a.b denote the products of an integer a by an integer b. Let G be a group and r a prime. Then we denote the number of the Sylow r-subgroup P r of G by n r (G) or n r . Let A n be the alternating group of degree n. Let ω(G) be the set of element orders of G. Let k ∈ ω(G) and s k be the number of elements of order k in G. Let nse(G) = {s k k ∈ ω(G)}. The other notations are standard (see [1] ). To prove G ∼ = A n , we need the structure of simple K n -groups with n = 11, 12.
Some preliminary results

Lemma 2.1 [2] Let G be a finite group and m be a positive integer dividing
Lemma 2.4 [21] Let G be a simple K 4 -group. Then G is isomorphic to one of the following groups:
(3) One of the following:
, where r is a prime and r
(4) One of the following 28 simple groups:
Lemma 2.5 [5] Each simple K 5 -group is isomorphic to one of the following simple groups: Proof. We will prove the Lemma by the following two steps.
Step 1. G is a simple K 4 -group.
From Lemma 2.4(1)(2)(4), order consideration rules out these cases.
Therefore we consider Lemma 2.4(3).
We can assume that r = 3, 5, 7, 11.
• Let r = 3, then 3
2 − 1 = 2 3 , a contradiction.
• Let r = 5. Then 5
• Let r = 7. Then 7 2 − 1 = 2 4 .3, a contradiction.
• Let r = 11. Then 11
We can assume that u = 3, 5, 7, 11.
• Let u = 3. Then 2 m − 1 = 3 and so m = 2. So we have 5 = 3t b , the equation has no solution in N.
• Let u = 5. But the equation 2 m − 1 = 5 has no solution in N.
• Let u = 7. Then 2 m − 1 = 7 and so m = 3. But from the equation 2 3 + 1 = 3t b , we have t = 3 and b = 1, a contradiction.
• Let r = 11. Then the equation 2 m − 1 = 11 has no solution in N.
c , then we consider that t = 3, 5, 7, 11.
• Let t = 3, 5, 7, 11. Then the equation 3 m + 1 = 4.t has no solution in N.
, then we assume that u = 3, 5, 7, 11.
• Let u = 3, 5, 7, 11. Then the equation 3 m − 1 = 2.t has no solution in N.
Step 2. G is a simple K 5 -group.
In view of Lemma 2.5 (7), Similarly we can rule out the remaining cases. This completes the proof. 
Lemma 2.7 [13, Theorem 9.3.1] Let G be a finite solvable group and |G|
(2) The order of some chief factor of G is divided by q
Main theorem and its proof
Let G be a group such that nse(G)=nse(L 2 (r)), and s n be the number of elements of order n. By Lemma 2.2 we have G is finite. We note that s n = kφ(n), where k is the number of cyclic subgroups of order n. Also we note that if n > 2, then φ(n) is even. If m ∈ ω(G), then by Lemma 2.1 and the above discussion, we have If 3 a ∈ ω(G), then 1 ≤ a ≤ 5.
• Let exp(P 3 ) = 3. Then by Lemma 2.1, |P 3 | | 1 + s 3 and |P 3 | | 3 2 .
• Let exp(P 3 ) = 3 2 . Then |P 3 | | 1 + s 3 + s 3 2 and |P 3 | | 3 4 (when s 3 2 = 2217600).
• Let exp(P 3 ) = 3
3 . Then |P 3 | | 1 + s 3 + s 3 2 + s 3 3 and |P 3 | | 3 6 (when s 3 2 = 2217600, s 3 3 = 2494800 or s 3 2 = 457380, s 3 3 = 887040).
• Let exp(P 3
= 712800).
5 . Then |P 2 ∈ ω(G).
• Let exp(P 5 ) = 5. Then |P 5 | | 1 + s 5 and |P 5 | | 5 2 .
• Let exp(
• Let exp(P 
.5 ∈ ω(G).
If 7
a ∈ ω(G). Then 1 ≤ a ≤ 3.
• Let s 7 = 237600. 
∈ ω(G).
If 11 ∈ π(G). Then 1 ≤ a ≤ 2.
• Let exp(P 11 ) = 11. Then |P 11 | | 1 + s 11 and |P 11 | | 11.
• Let exp(P 11 
∈ ω(G).
If 37
a ∈ π(G), then a = 1 and so |P 37 | | 37.
To remove the prime 37, we show that the prime 3 belongs to π(G).
Assume that 3 ∈ π(G).
If 5, 7, 11, 37 ∈ π(G), then G is a 2-group. Since |ω(G)| = 10 and |nse(G)| = 16, then we can rule out this case.
If 37 ∈ π(G), then since |P 37 | = 37, n 37 = s 37 /φ(37) = 2 6 .3.5.11 and 3 ∈ π(G), a contradiction.
Let 11 ∈ π(G).
• Let exp(P 11 ) = 11. Then |P 11 | = 11. Since n 11 = s 11 /φ(11) = 2 7 .3 4 .5.7, then 3 ∈ π(G), a contradiction.
• Let exp(P 11 ) = 11 2 . Then |P 11 | = 11 2 . Since s 11 2 = 712800 or 887040, and n 11 = s 11 2 /φ(11 2 ) = 2 4 .3 4 .5 or 2 7 .3 2 .7, then 3 ∈ π(G), a contradiction.
Let 7 ∈ π(G).
• Let s 7 = 237600.
If
2 , then since π(G) ⊆ {2, 3, 5, 7, 11, 37} and the above argument, we can assume that π(G) ⊆ {2, 3, 5, 7}. Therefore 19958400+ 142010k 1 +237600k 2 +457380k 3 +498960k 4 +712800k 5 +809424k 6 + 887040k 7 +997920k 8 +1900800k 9 +2044350k 10 +2217600k 11 +2494800k 12 + 2910600k 13 + 3628800k 14 = 2 a .5 c .7 2 where k 1 , ..., k 14 , a, and c are non-negative integers and 0
It is easy to see that the equation has no solution.
* Let exp(P
• Let s 7 = 1900800.
3 , then we can rule out this case as the case "s 7 = 237600, exp(P 7 ) = 7 and
Let 5 ∈ π(G).
• Let exp(P 5 ) = 5. Then |P 5 • Let exp(P 5 ) = 5 2 . Then |P 5 | = 5 2 . Since n 5 = s 5 2 /φ(5 2 ), 3 ∈ π(G) as s 5 2 ∈ {237600, 498960, 712800, 887040, 997920, 1900800, 2217600, 2494800, 2910600, 3628800}, a contradiction.
• Let exp(P 5 ) = 5 3 . Since s 5 3 = 2494800, 2910600, then 3 ∈ π(G), a contradiction.
Therefore 3 ∈ π(G).
If 3.37 ∈ ω(G), then by Lemma 2.3 of [15] , s 3.37 = 2.s 37 .t for some integer t. But the equation has no solution since s 3.37 ∈nse(G). Therefore 3.37 ∈ ω(G), it follows that the Sylow 37-subgroup of G acts fixed point freely on the set of elements of order 3. Hence |P 37 | | s 3 , a contradiction. Thus 37 ∈ π(G). Therefore there is a normal series 1 ¢ K ¢ L ¢ G such that L/K is a simple K i -group with i = 3, 4, 5.
Let L/K be a simple K 3 -group. Then by [4] , L/K ∼ = A 5 , A 6 , L 2 (7), L 2 (8), U 3 (3) or U 4 (2).
It is easy to prove that L/K is not a simple K 3 -group. For instance, assume that L/K ∼ = U 4 (2).
and so U 4 (2) ≤ G/M ≤ Aut(U 4 (2)).
Therefore G/M ∼ = U 4 (2), G/M ∼ = SU 4 (2).
